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Abstract. Measuring the primordial power spectrum on small scales is a powerful tool in
inflation model building, yet constraints from Cosmic Microwave Background measurements
alone are insufficient to place bounds stringent enough to be appreciably effective. For the
very small scale spectrum, those which subtend angles of less than 0.3 degrees on the sky, an
upper bound can be extracted from the astrophysical constraints on the possible production of
primordial black holes in the early universe. A recently discovered observational by-product
of an enhanced power spectrum on small scales, induced gravitational waves, have been shown
to be within the range of proposed space based gravitational wave detectors; such as NASA’s
LISA and BBO detectors, and the Japanese DECIGO detector. In this paper we explore the
impact such a detection would have on models of inflation known to lead to an enhanced
power spectrum on small scales, namely the Hilltop-type and running mass models. We
find that the Hilltop-type model can produce observable induced gravitational waves within
the range of BBO and DECIGO for integral and fractional powers of the potential within
a reasonable number of e−folds. We also find that the running mass model can produce
a spectrum within the range of these detectors, but require that inflation terminates after
an unreasonably small number of e−folds. Finally, we argue that if the thermal history of
the Universe were to accomodate such a small number of e−folds the Running Mass Model
can produce Primordial Black Holes within a mass range compatible with Dark Matter, i.e.
within a mass range 1020g .MBH . 1027g.
Keywords: Inflation, Primordial Black Holes, Induced Gravitational Waves, DECIGO,
BBO, LISA
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1 Introduction
One of the main goals of cosmology is to uncover a unique model of inflation, an important
achievement that will lead to a fuller understanding of the dynamics of the very early universe
and allow us to better compare with fundamental theory. To fully probe the inflationary
potential, an accurate measure of the primordial spectrum on all scales is required. To
date, Cosmic Microwave Background (CMB) experiments such as COBE and WMAP [1],
Baryon Acoustic Oscillations (BAO) in Galaxy Survey experiments (such as SDSS [2]) and
Super Novae (SN) [3] observations have constrained the spectrum on large scales to Pζ =
2.325×10−9 with an uncertainty of ±0.098×10−9. Here, by large scale we mean scales which
subtend angles on the sky of more than θ = 0.3◦. Bounds on the smaller scale spectrum arise
from such sources as the Lyman-α forest which measures this spectrum via a trace of the
Baryonic power spectrum from the intergalactic medium (e.g. Ref. [4]) 1, weak lensing (e.g.
Ref. [6]), the Sunyaev-Zeldovich effect (e.g. Ref. [7]), bounds from Ultra compact Mini Halos
[8–12] and the astrophysical bounds on the production of Primordial Black Holes (PBHs)
[13, 14].
The PBH bound constrains the spectrum on the smallest scales, those which exit the
horizon towards the end of inflation, and it is the uncertainty in this bound which allows for
1See Ref. [5] for the latest analysis of the Lyman-α forest
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some leeway in inflation model building. In previous work [15–18] it has been shown that
Hilltop-type models and their ilk can give rise to an enhanced spectrum towards the end
of inflation, within the observational bounds of PBH production. An actual measurement
of this feature would prove decisive in inflation model discrimination 2. References [20–
26] have shown that the primordial scalar spectrum can result in the production of what
are known as induced gravitational waves 3. These gravitational waves have an enhanced
energy density for an enhanced scalar spectrum which can exceed that of the primordial
tensor spectrum for small field models of inflation. This opens up another avenue for fully
probing the primordial spectrum and placing constraints on the cosmological and inflationary
parameters (e.g. Ref [28]).
In this scenario, scalar perturbations re-enter the horizon during Big Bang Nucleosyn-
thesis perturbing the background metric and inducing a tensor perturbation. The modes
which enter the horizon during radiation domination generate gravitational waves on scales
accessible to space based gravitational wave detectors [26, 28] such as LISA [29], BBO and
DECIGO [30, 31]. The scalar perturbations which enter the horizon during matter domina-
tion generate an induced gravitational wave spectrum accessible to CMB experiments [32],
and since these waves do not redshift, their spectrum is scale dependent [26], making them
distinguishable from their primordial, scale independent, brethren. We are interested in the
former scales, which leave the horizon towards the end of inflation, and re-enter during the
radiation era.
Previous work [33–35] calculated the induced gravitational wave spectra for step and
power law primordial spectra, and reference [36] calculated the induced GW-spectrum of the
running mass model. In this work we calculate the spectra of induced gravitational waves for
various parameter choices in both the running mass and Hilltop-type models. We find that
in fact, the Hilltop-type model can result in a significant amplitude of gravitational waves,
measurable by the BBO/DECIGO and cross-correlated DECIGO detectors.
In Section 2 we briefly present the equations for Induced Gravitational Waves, then in
Section 3 we evaluate the upper bounds on the scalar spectrum from the possible production
of Primordial Black Holes. In Section 4 we summarise the inflationary parameters and their
observational bounds. In Section 5 we present the models of inflation that we are analysing
and their parameters. In Section 6 we present our results with some discussion. Finally, in
Section 7 we summarise the main results of this work.
The following conventions are utilised in this paper: τ refers to conformal time and
is related to proper time t as dτ = dt/a, a is the scale factor, and the conformal Hubble
parameter H is related to the Hubble parameter H ≡ a˙/a as H = aH. Scales are denoted
by k, are given in units of inverse megaparsec Mpc−1 and are related to physical frequency
f as f = ck/(2api) where c is the speed of light. We assume a radiation dominated universe
at the time of the formation of the gravitational waves, in which case we have a = a0(τ/τ0),
H = τ−1, and the scale at re-entry is k = τ−1.
2 Induced Gravitational Waves
After Inflation has ended, scalar perturbations begin the re-enter the horizon and interact in
such a a way as to induce gravitational waves. These gravitational waves have a spectrum
2For example, Ref. [19] uses the PBH bound to constrain the cosmological observables
3See also Ref. [27] for an alternative scenario, where gravitational waves are induced by particle production
during inflation
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that is dependent on scale and is given as
Ph(k) =
1
a2
∫ ∞
0
dk˜
∫ 1
−1
dµ
k3k˜3
|k− k˜|3 (1− µ
2)2P (|k− k˜|)P (k˜)I1(k, k˜, τ)I2(k, k˜, τ) (2.1)
derived in appendix (A). Where P (k) is the scalar spectrum given by the model of inflation,
µ is the cosine of the angle between the two modes and I1 and I2 are the time integrals given
in appendix (A). In this paper we work with the parameters v = k˜/k, y =
√
1 + v2 − 2vµ
and x = kτ , in which case the spectrum of induced gravitational waves takes the form
Ph(k) =
k2
x2
∫ ∞
0
dv
∫ |v+1|
|v−1|
dy
v2
y2
(1− µ2)2P (kv)P (ky)I˜1I˜2. (2.2)
What is important to note here is that the time integrals, given in Eq. (A.35) are independent
of the model of inflation, and depend only on the epcoh of evaluation. In this paper we
work only with gravitational waves induced during the radiation era, and therefore the time
integrals are given by Eqs. (A.36) and (A.37). Their behaviour is plotted in Fig. (11), and as
is clear, the envelope of the integrals is constant for a fixed scale and rapidly decay to zero
for k˜  k.
Since gravitational wave detectors will measure the amplitude of the energy density of
gravitational waves, we will be presenting our results in terms of the dimensionless variable
ΩGW which defines the variation of the energy density with respect to the logarithm of the
scale. We discuss this parameter more in appendix (A.2), for now we present the form of
ΩGW for scales which re-enter the horizon during the radiation era
ΩGW =
1
1 + zeq
Ph(k) (2.3)
where eq denotes matter-radiation equality.
3 Primordial Black Holes
In this section we evaluate upper bounds on Pζ from PBH formation, which is severely
constrained by various astrophysical and cosmological observations [13].
In the simplest model, PBHs are formed due to instantaneous gravitational collapse
during the radiation-dominated era. Their mass is given in terms of the energy within the
sound horizon at the time of formation, M ≡ c3/(2GH(t)) , as MBH = γM , where γ is a
numerical factor to represent uncertainty. The corresponding comoving wave number of a
density perturbation is
kBH = aH ' keq
21/4
(
g∗
g∗eq
)−1/12 ( M
Meq
)−1/2
(M Meq) , (3.1)
where
keq ≡ aeqHeq ≈ 0.00974 Mpc−1 , Meq ≡ c
3
2GHeq
≈ 6.67× 1050 g . (3.2)
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For a Gaussian-distributed density perturbation 4, the energy fraction going into col-
lapsed objects, β(M) , is related to the mass variance at horizon entry, σ(M)2 via the formula
β(M) = γ
2√
2pi σ(M)
∫ 1
1/3
dδ exp
(
− δ
2
2σ(M)2
)
≈ γ erfc
(
1/3√
2σ(M)
)
, (3.3)
where the prefactor 2 embodies the Press–Schechter prescription. Equation (3.3) is numeri-
cally inverted to give the value of σ for a given upper limit of β .
The mass variance evaluated at horizon entry (when aH = kBH holds) is
σ(M)2 =
16
81
∫ ∞
0
W (k/kBH)
2 T (k)2
(
k
kBH
)4
P(k) dk
k
, (3.4)
where W is the window function, T is the transfer function and P is the power spectrum of
the curvature perturbation in the comoving gauge. We choose a Gaussian window function
W (x) = e−x2/2 and assume T (k) = 1 for simplicity. Since the window function has a
sharp cutoff, we only need to evaluate the power spectrum around kBH to calculate the
mass variance on the relevant scale. Incidentally, the comoving curvature perturbation is
identical to the curvature perturbation in the uniform-density gauge ζ (up to a sign difference)
on superhorizon scales . Thus P in the above equation can simply be replaced by the
spectrum of ζ , denoted by Pζ . If the spectrum is locally scale invariant, i.e. n(k) ≈ 1 in
the neighbourhood of kBH , as is generally expected in various inflationary models, then the
mass variance is estimated as
σ(M)2 ≈ 8
81
Pζ(kBH) . (3.5)
Using this equation and Eq. (3.3), we can estimate the upper limit of Pζ from that on the
fraction β(M) = β(MBH/γ); which is given in Fig. 9 of Ref. [13]. In Fig. (1), we plot the
obtained upper limit on Pζ as a function of k.
4Refer to Refs. [37–42] for the alternative scenario where a non-gaussian distributed density perturbation
is considered.
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Table 1. Upper limits on PBH formation from various observations. Most of them come from
non-detections (NDs) of astrophysical phenomena or effects which would be detectable if there were a
sufficient number of PBHs. See [13] for details. Note that the structure on scales less than 104[Mpc−1]
may be further constrained in the future by the upcoming PIXIE experiment [43].
Wavenumber
γ1/2 k [Mpc−1] Constraints
< 3.9 Density of PBHs (ΩPBH) < 0.25
3.9 × 100–1.5 × 104 No excessive dynamical friction in the Galactic halo
1.5 × 104–3.0 × 104 ND of Poisson fluctuations in Lyman-α forest
3.0 × 104–2.1 × 105 ND of wide binary disruption in the Galaxy
2.1× 105–6.1× 105 ΩPBH < 0.25
6.1× 105–4.7× 106 ND of microlensed quasars
4.7× 106–4.7× 109 Lack of MACHO events
4.7× 109–1.5× 1013 ΩPBH < 0.25
1.5× 1013–4.7× 1014 ND of femto/picolensed gamma-ray bursts
4.7× 1014–7.5× 1014 ΩPBH < 0.25
7.5× 1014–7.5× 1015 ND of extragalactic gamma-rays (EGR)
7.5× 1015–9.2× 1015 ND of Galactic gamma-rays
9.2× 1015–1.6× 1016 ND of EGR
1.6× 1016–4.2× 1016 No damping of small-scale CMB anisotropy
4.2× 1016–6.4× 1018 Standard BBN
6.4× 1018–2.8× 1021 Density of the lightest SUSY particle (LSP) < 0.25
(assuming 100 GeV for LSP’s mass)
2.8× 1021–2.1× 1023 Density of Planck mass relics < 0.25
(assuming O(1016 GeV) for the reheating temperature)
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Figure 1. Upper limits on Pζ from PBH constraints. For simplicity, γ is set to be unity. The different
coloured solid lines correspond to bounds from different phenomena and experiments as summarised
in table 1. For comparison, the dotted lines are included to indicate CMB constraints on accreting
PBHs; the thin-dashed line illustrates a potential constraint from future 21 cm line experiments; the
thick-dashed line is the limit necessary to avoid excessive generation of entropy and Planck mass
relics (k ≶ 2.1× 1023 Mpc−1). For the latter the reheating temperature is assumed to be higher than
1016 GeV. See [13] for details.
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4 Inflationary Parameters
We consider only single-field canonical models of inflation, where the accelerated expansion
of the universe is driven by a flat potential, and a slowly changing scalar field (slowly rolling
inflaton). To parametrize models of inflation, slow roll parameters [44] are used, defined as:
 =
m2Pl
2
(
V,ϕ
V
)2
η = m2Pl
V,ϕϕ
V
ξ2 = m4Pl
V,ϕV,ϕϕϕ
V 2
(4.1)
where V is the potential, and derivatives are with respect to the inflaton field ϕ. From this
we can write down the observational parameters, the spectral index ns, the running of the
spectral index n′s and the scalar spectrum Pζ :
ns = 1 + 2η − 6
n′s = 16η − 242 − 2ξ2
Pζ = 1
24pi2m4Pl
V

(4.2)
where we neglect to mention the signature of primordial gravitational waves, the tensor to
scalar ratio, since we are only considering small field models and as such this parameter is
negligibly small.
The next ingredient required is the number of e−folds, the logarithmic ratio of the scale
factor at two different times, in this case between the end of inflation and the time of horizon
exit. This is related to the potential in the slow roll limit as:
N ' m−2Pl
∫ ϕ∗
ϕe
V
V ′
dϕ (4.3)
and to the corresponding horizon exiting scale as [44]:
N(k0)−N(k) = ln
(
0.002
k
)
. (4.4)
where k0 = 0.002Mpc
−1 is the pivot scale, and in this paper we effectively take N(k0) = 0.
We use the latest data release from the WMAP mission [1], for the WMAP data com-
bined with BAO and SN data with a null tensor prior. This gives us the following bounds
on the spectral index, and running of the spectral index at the 2σ confidence limit:
− 0.093 < 1− ns < 0.076
−0.061 < n′s < 0.017 (4.5)
in this paper we take ns = 0.95 or ns = 0.96.
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Figure 2. An illustration of the Hilltop-type and running models. In our scenario scales of cosmo-
logical interest during the hilltop regime (indicated with red), and the end of inflation occurs once
the inflaton has reached a flatter region of the potential (indicated with blue).
5 The Models of Inflation
In this paper we analyse two models of inflation, the Hilltop-type model and the running
mass model. Both models have a hilltop regime, an inflection point to one side of the hilltop
and a steep slope to the other side. In the set-up of interest, scales of cosmological interest
leave the horizon while the inflaton is on the inflection point side. The inflaton then proceeds
to roll down the potential, past the inflection point and towards a region of further flatness,
→ 0, as illustrated in fig. 2. This means that our spectrum at the pivot scale will satisfy the
WMAP bounds while still increasing on the smaller scales. Ref.[45] analyse various models
of inflation and conclude that only the running mass model can allow for PBH formation,
and we note that the hilltop model is phenomenologically equivalent to the running mass
model. We begin by introducing the Hilltop-type model and the associated scalar spectrum
and then move onto the running mass model and its scalar spectrum. We do not explicitly
define a mechanism for the end of inflation or for the necessary subsequent reheating. We
demand that inflation is ended abruptly after a specified number of e−folds, e.g. terminated
by a waterfall field, and that reheating is instant.
5.1 Hilltop-type model
The phenomenological form of the potential [16] is given as:
V = V0 (1 + ηpϕ
p − ηqϕq) (5.1)
where ηp and ηq are referred to as the mass-coupling terms and self coupling powers p and q
are required to satisfy p < q. This condition is to guarantee the hilltop form of the potential.
Such a potential form also appears in supergravity models (e.g. ref. [16, 46–50]). The model
has four degrees of freedom, with only weak constraints from fundamental theory. Therefore
for each {p, q} combination we scan the {ηp, ηq} parameter space as follows
• We pre-set both ηp and ηq to be less than one.
• From the range of values {0, 1}, the parameter range of {ηp, ηq} is reduced by requiring
that, at the pivot scale, the spectral index and the running of the spectral index are
within the WMAP bounds, ns = 0.95 and n
′
s < 0.017.
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Figure 3. The scalar spectra of the hilltop model terminating at N = 65 (log10(k/(0.002[Mpc
−1])) ∼
28.2) while ensuring that P(N = 60) is less than the PBH bound at that scale. The cross-hatched
region is the PBH constraint.
• The parameter range is further reduced by rejecting mass-coupling combinations for
which the field value at horizon exit is greater than the Planck scale; i.e. we demand
φ∗ < mPl.
• The range is then reduced to unique values of {ηp, ηq} for each model by demanding
that, after N e−folds of inflation, the spectrum is close to but still less than the PBH
bound at that e−fold, P(N) . PPBH. The exception to this is the N = 65 case, for
which we refer the reader to the following paragraph.
The fourth step essentially selects the unique mass-coupling values which maximize the spec-
trum at the end of inflation, compatible with the PBH bound. As we mentioned, the excep-
tion to the requirement in the fourth step is the case where inflation terminates at N = 65.
Since the PBH bound only applies up N ∼ 60(k ∼ 1023), we maximise the spectrum at the
intermediate scale and then allow the model to continue to evolve until N = 65. Clearly the
spectra at N = 60 for the N = 60 and N = 65 model will be the same, the difference is that
for the N = 60 model Pζ(N > 60) = 0 while for the N = 65 model Pζ(N > 60) 6= 0. A-priori
we expect the final results for the GW spectrum to be the same in the range of interest, since
the time integra asymptote to zero for k > k˜, but we evaluate the N = 65 case anyway as a
consistency check of our numerics. We tabulate the parameters and predictions for n′s and
V0 in Appendix (C) and plot the results for the first order spectrum for N = 55, N = 60 and
N = 65 in Figures (5), (4) and (3).
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Figure 4. Scalar spectra from hilltop inflation with self-coupling powers labelled in the legend in
Fig. (3). The plot corresponds to maximising the spectrum atN = 60 (log10(k/(0.002[Mpc
−1])) ∼ 26).
The cross-hatched region is the PBH constraint.
5.2 The Running Mass Model
This model [15, 51–57] is a ϕ2 model only with a mass term which varies with ϕ. The induced
gravitational wave spectrum in this model was originally evaluated in Ref. [36]. The potential
is of the form:
V
V0
= 1− B0
2
ϕ2 +
Aϕ2
2(1 + α ln(ϕ))2
. (5.2)
We know from previous work [18] that the parameter values A = 2.4, B0 = 2.42,
α = 0.01 satisfy WMAP bounds and lead to PBHs at the end of inflation. In this case, for
ns = 0.95, then V
1/4
0 = 0.003mPl and n
′
s = 0.0023. We also consider the case of ns = 0.96
and n′s = 0.005, which requires A = 3.1, B0 = 3.08 and α = 0.01 and has an inflationary
energy scale of V
1/4
0 = 0.004mPl. The latter are the parameters analysed in Ref. [36] and
serve as a tool of comparison between our work and theirs. We also evaluate the spectra for
the range of parameters which maximise the spectrum in the range k = {1010, 1014}[Mpc−1].
This is because PBHs forming within this range are possible canditates for Dark Matter. The
parameters maximising the spectrum at k = 1010[Mpc−1] are A = 4.4, B = 4.2, α = 0.01, and
they satisfy ns = 0.96 and n
′
s = 0.012 with an inflationary energy scale of V
1/4
0 = 0.0011mPl.
Maximising the spectrum at k = 1014[Mpc−1] requires A = 3.4, B = 0.01 and α = 0.01,
satisfying ns = 0.96, n
′
s = 0.0067 with an inflationary energy scale of V
1/4
0 = 0.0008mPl. We
also investigated whether this model could maximise the spectrum near k = 105[Mpc−1] since
these PBHs would be candidates for seeds of SuperMassive Black Holes [58, 59], however we
– 10 –
Figure 5. Scalar spectra from hilltop inflation with self-coupling powers labelled in the leg-
end in Fig. (3). The plot corresponds to maximising the first order spectrum at N = 55
(log10(k/(0.002[Mpc
−1])) ∼ 23.9), and the cross hatched region is the PBH bound
found that this would require a running greater than that allowed by WMAP. The primordial
scalar spectra for these choices are plotted in Fig. (6).
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Figure 6. Spectra for the running mass models all satisfying ns = 0.96. The n
′
s = 0.005 model (black
crosses) requires a termination of inflation at N ∼ 43 (log10(k/(0.002[Mpc−1])) ∼ 16) for compatibility
with the PBH bound, and the n′s = 0.002 model (red crosses) requires only a termination at N ∼ 64.
The hatched line is the PBH bound and both parameter combinations lead to the production of
PBHs towards the end of inflation. The green shaded region corresponds to range of parameters in
the running mass model which result in the production of PBHs whose energy density agrees with
that of Dark Matter. The range corresponds to 10 < log10(k/[Mpc
−1]) < 14, where the lower k
value represents n′s = 0.012, and inflation terminating at N = 29 while the upper k value represents
n′s = 0.0067, and inflation terminating at N = 38.5.
6 Results and Discussion
In both cases we begin by computing the integral over y in Eq. (2.2) for a range of k =
104 · · · 1025Mpc−1. This is done using the known results of Eq. (A.35) for a radiation era,
Eqs. (A.36) and (A.37), and the Second Euler- Maclaurin summation formula [60]. This
method allows us to avoid integrating over a singularity which occurs when v = 1 by aiding
us in ‘avoiding’ the endpoints. We introduce a sudden cutoff approximation for the calculation
of the induced gravitational wave spectrum, effectively we assume that structure on very small
scales k > kend is non-existent, Pζ(k > kend) ∼ 0. To ensure that the PBH bound is not
violated, we perform a comparative analysis calculation, in that we set Pζ = 0 for the scales
on which the model predicts a spectrum greater than the PBH bound. We have engineered
the models so that after N e−folds of inflation, our spectrum is just below the PBH bound
and that no more perturbations are produced afterwards. In the case of the hilltop-model,
we calculate the induced gravitational wave spectrum for N = 55, N = 60, and N = 65,
which we have chosen to reflect the standard choices that appear in the literature, with the
lower values of N indicating a lower reheat temperature; an issue which we are investigating
– 12 –
in a follow up paper. In the case of the running mass model, we select model parameters
which both satisfy ns = 0.96 and n
′
s = 0.002 and n
′
s = 0.005 respectively as well as the model
parameters predicting the production of PBHs within the Dark Matter range, corresponding
to 0.0067 < n′s < 0.012. Unlike in the hilltop model, no demand for the maximisation of the
spectrum at a particular e−fold is made. Instead, if the spectrum touches the PBH bound,
we terminate inflation, as can be seen in Fig. (6).
We plot the results of Eq. (??) for the induced gravitational waves from the hilltop model
in Figures (7) and (8) and for the running mass model in Fig. (10). We also plot the sensi-
tivity curves from the various gravitational wave detectors, LIGO [61], LCGT [62], LISA[29]
5, BBO/DECIGO [30], cross-correlated DECIGO and Ultimate DECIGO as well as rough
estimates of the current pulsar timing limit and the expected limit from the Square Kilome-
tre Array (SKA) [64–67]. We highlight the fact that our estimate for the cross-correlated
DECIGO is rather basic by plotting it differently to BBO/DECIGO and ultimate DECIGO.
How these curves are generated and the data sets used are explained in Appendix D. The pri-
mordial gravitational wave spectrum can also be large enough to be detectable by BBO and
DECIGO, as was shown for single large field models of inflation (for example see Refs. [30, 68–
70]). However, this fact does not affect our conclusions since priomordial gravitational waves
predict a scale invariant spectrum, and has been shown here and in previous works (see for
example Refs. [25, 26]) and in this paper, the spectrum of induced gravitational waves is not
as simple, and hence are distinguishable from each other.
We find that the hilltop model with integral self coupling powers p = 2 and q = 3
generates a GW spectrum detectable by the BBO/DECIGO experiment for inflation last-
ing a reasonable number of e−folds. Furthermore, we find that to be detectable by the
BBO/DECIGO experiment, for inflation terminating within 55 e−folds, the hilltop model
requires coupling powers of p = 2 and 2.3 . q ≤ 3 while for N = 60 the range q is reduced to
2.5 . q ≤ 3. In the former case q = 2.2 comes within range of the cross-correlated DECIGO
and for the latter q = 2.3 comes within its range. It can be clearly seen in Figures (7), (8)
and (9) that within the sensitivity range of gravitational wave detectors, the results for the
N = 60 and the N = 65 cases are the same, as expected.
For the running mass model the n′s = 0.005 model requires that inflation terminates
after 43 e−folds of inflation, which is rather difficult to motivate, but predicts an induced
gravitational wave signal well within the range of BBO/DECIGO. The parameters which lead
to PBH candidates for Dark Matter come within the range of LISA as well as BBO/DECIGO,
but they also require an early termination of inflation, between 29 . N . 39. Since these
parameter choices predict V0 to be on the GUT scale, we can only reduce N by assuming a
matter dominated phase of reheating and a reheat temperature of TRH ∼ 1MeV. However,
this can be problematic for the induced gravitational wave prediction, since the scales of
interest are so small, they re-enter the horizon immediately after the end of inflation. As we
mention in the introduction, and several times thereafter, we assume a radiation dominated
universe during the formation of these gravitational waves. Including an early matter domi-
nated phase would affect the predictions for the smallest of scales, making our results for the
running mass model at the largest k values for n′s = 0.005, as well as the other parameter
values which fall within the green shaded region of Fig. (10), questionable. On the other
hand N = 65 is an acceptable value and is compatible with instant reheating into a radiation
5We use the detector parameters of the original NASA/ESA experiment which are available, however this
is now a European only experiment [63] and the detector specificiations have changed slightly, as dicussed in
Appendix (D).
– 13 –
Figure 7. Energy densities, Eq. (2.3), of the induced gravitational wave spectra from hilltop inflation
with self-coupling powers labelled in the legend next to Fig. (9). The plot corresponds to maximising
the first order spectrum at N = 55. The shaded regions correspond to the regions of sensitivity of the
gravitational wave detectors, with U-DECIGO corresponding to the Ultimate DECIGO detector. The
dashed blue lines correspond to the sensitivity from the pulsar timing array. The thick solid green line
corresponds to the cross-correlated DECIGO detector (X-DECIGO). The thin straight lines in the
upper right hand corner of the plots correspond to Advanced LIGO (red), the 6th run of LIGO (blue),
the LCGT official data (black) and the LCGT updated data (brown). The cross-hatched region is
the PBH constraint on the induced gravitational waves from Inflation.
dominated universe. Unfortunately, the spectra for induced gravitational waves for running
mass models terminating between N = 51 and N = 65 e− folds do not seem to be within the
sensitivity range of future GW detectors, despite the fact that they do result in the formation
of PBHs. It may be necessary to asses the impact a matter dominated reheating phase 6
could have on the eventual induced spectrum of gravitational waves [72, 73, 75, 76].
We should note here that Ref. [43] have recently used the COBE-FIRAS data to further
constrain the spectrum on k < 104Mpc−1. They also conclude that the upcoming PIXIE
experiment will further constrain this small scale spectrum, which in turn could rule out the
running mass model.
6One can assume other equations of state for this epoch, for example see Refs. [71–74].
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Figure 8. Energy densities, Eq. (2.3), of the induced gravitational wave spectra from hilltop inflation
with self-coupling powers labelled in the legend next to Fig. (9). The plot corresponds to maximising
the first order spectrum at N = 60.
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Figure 9. The induced gravitational wave spectrum, Eq. (2.3), for the hilltop model with a scalar
spectrum maximised at N = 65 e−folds. The unlabelled lines in the figure are defined in Fig. (7)
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Figure 10. Running mass model predictions for the induced gravitational wave spectra, Eq. (2.3).
The n′s = 0.002 (red crosses) model is evolved to N ∼ 64 while the n′s = 0.005 (black crosses) model
requires that inflation terminates at N ∼ 43 to satisfy the PBH bound. The green shaded region
corresponds to the range of parameters in which result in the production of PBHs whose energy
density agrees with that of Dark Matter, and inflation is required to terminate between 29 . N . 39
to satisfy the PBH bound. The hatched region and upper right hand corner lines are all defined in
Fig. (9).
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7 Conclusions
We have found that for a reasonable range of e−folds, Hilltop-type models predict a spectrum
of induced gravitational waves likely to be detectable by both the DECIGO and cross cor-
related DECIGO. More interestingly, the model with integral coupling powers p = 2, q = 3,
which is strongly motivated in particle physics models, is within the range of the detection,
while satisfying the PBH bounds and WMAP constraints. This is shown in Figures (7), (8)
and (9).
On the other hand, the running mass model may also lead to a spectrum within the
range of the LISA and DECIGO experiment, if small values of N can be motivated. In
which case, the produced PBHs, with masses within the range MBH ∼ 1020 − 1027 g, can be
candidates for dark matter. This scenario will be checked by the future gravitational wave
observations (See Fig.10).
We hope the earliest possible completion of these new types of gravitational wave ob-
servatories.
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A Induced Gravitational Waves
In this section we will briefly review the equations relevant to the formation and evolution of
gravitational waves sourced by the primordial scalar perturbations [25, 26, 32]. These induced
gravitational waves are in essence a physical manifestation of the spatial perturbations which
arise from taking the Taylor expansion of the metric up to order second. The ADM metric
in this case is given as
ds2 = a2(τ)
[
−
(
1 + 2Φ(1) + 2Φ(2)
)
dτ2 + 2V
(2)
i dτdx
i +
{(
1− 2Φ(1) − 2Φ(2)
)
δij +
1
2
hij
}
dxidxj
]
(A.1)
where we have chosen a longitudinal gauge and assume Φ = Ψ at all orders, Φ is the Bardeen
potential, first order vector perturbations are ignored (V (1) = 0) and the tensor perturbations
(hij) include both first and second order effects. In this paper we neglect anisotropic stress.
The next step is to calculate the Einstein equations[26, 77]:
G
(2)i
j = a
−2
[
1
4
(
hi
′′
j + 2Hhi
′
j −∇2hij
)
+ 4Φ(1)∂i∂jΦ
(1) + 2∂iΦ(1)∂jΦ
(1)
+[Second Order Terms] + [diagonal terms]] (A.2)
– 18 –
where the SecondOrderTerms refer to terms containing second order scalar perturbations.
The spatial part of the energy-momentum tensor is:
T
(2)i
j = (ρ
(0) + P (0))v(1)iv
(1)
j + P
(2)δij (A.3)
where ρ and P are the energy density and pressure, and v is the velocity. Here on, for
simplicity, our notation is such that hij = h
(2)
ij .
As is standard, to evaluate the spectrum of these gravitational waves the Fourier mode
of the tensor perturbation is taken:
hij(x, τ) =
1
(2pi)3/2
∫
d3keik·x
[
hk(τ)eij(k) + h¯k(τ)e¯ij(k)
]
(A.4)
where the polarization tensors e, e¯ are given in terms of the orthonormal vectors (e, e¯) [25,
26, 78]:
eij(k) =
1√
2
[eiej − e¯ie¯j ] e¯ij(k) = 1√
2
[eie¯j + e¯iej ] (A.5)
these vectors have been defined to satisfy the conditions that (a) the gravitational waves are
traceless, thus eijδ
ij = 0, (b)normal and (c) transverse .
According to Refs. [25, 26], there exists a projection tensor defined robustly in Ref. [25],
which extracts the transverse, traceless parts of Eq. (A.2) and also does away with the
Second Order Terms:
Tˆ lmij G(2)lm = 8piGTˆ lmij T (2)lm . (A.6)
Thus the equation of motion for the tensor perturbation can be derived, using the following
definitions [26]:
P (0) = wρ(0) ρ(0) =
3H2
8piGa2
v
(1)
i = −
2
8piGa2(1 + w)ρ(0)
∂i(Φ
′ +HΦ) (A.7)
w is known as the equation of state, G is the Gravitational constant and we have dropped
the superscript (i) from the Bardeen potential and from now on Φ refers to the first-order
Bardeen potential. Therefore from Eqs. (A.2), (A.3) and (A.6), and after some tidying up
one gets:
h′′ij + 2Hh′ij −∇2hij = −4Tˆ lmij Slm (A.8)
with the source term:
Sij = 4Φ∂i∂jΦ + 2∂iΦ∂jΦ− 4
3H2(1 + w)∂i(Φ
′ +HΦ)∂j(Φ′ +HΦ) . (A.9)
To move to Fourier space, the Fourier transform of the scalar quantity Φ is written
down:
Φ(x) =
1
(2pi)3/2
∫
d3keik·xΦk (A.10)
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terms like ∂lΦ then will pull down a ikl term and ∂l∂mΦ will pull down a −klkm term, which
from Eqs. (A.9) and (A.10) leads to terms of the form:
Φ∂l∂mΦ = − 1
(2pi)3
∫
d3keik·x
[∫
d3qqlqmΦk−qΦq
]
∂lΦ∂mΦ = − 1
(2pi)3
∫
d3keik·x
[∫
d3q(kl − ql)kmΦk−qΦq
]
(A.11)
The Fourier form of Eq. (A.8) is then:
h′′keij + h¯
′′
ke¯ij + 2Hh′keij + 2Hh¯′ke¯ij + k2hkeij + k2h¯ke¯ij = · · · (A.12)
where the · · · refer to the Fourier transform of the right hand side of Eq. (A.8) and hk = hk(τ).
To extract h and get rid of h¯ one simply multiplies through by eij(k) to get:
h′′k + 2Hh′k + k2hk = 4
∫
d3q
(2pi)3/2
eij(k)
qiqj
3(1 + w)
[
(10 + 6w)ΦqΦk−q +
8
HΦqΦ
′
k−q +
4
H2 Φ
′
qΦ
′
k−q] . (A.13)
To solve this equation, the usual change of variables ahk = vk is made, and Eq. (A.13)
becomes:
v′′k +
(
k2 − a
′′
a
)
vk = aS (A.14)
where S is defined via Eq. (A.13) and is written down explicitly as
aS ≡ 4
∫
d3q
(2pi)3/2
eij(k)
qiqj
3(1 + w)
[
(10 + 6w)ΦqΦk−q +
8
HΦqΦ
′
k−q +
4
H2 Φ
′
qΦ
′
k−q
]
. (A.15)
The solution of Eq. (A.14) is found via the Greens’ function method i.e the solution is written
down as:
hk(τ) =
1
a(τ)
∫
dτ˜gk(τ ; τ˜)[a(τ˜)S(k, τ˜)] (A.16)
the Greens function is then the solution of:
g′′k +
(
k2 − a
′′
a
)
gk = δ(τ − τ˜) . (A.17)
To solve Eq. (A.17) the functional form of the scale factor is needed, and hence the epoch
should be defined. Therefore g has two forms, one for matter domination (MD) and another
for radiation domination (RD). The derivation of which can be found in Appendix A of
Ref. [26], here we just state the results:
gk(τ ; τ˜) =
1
k
sin [k(τ − τ˜)] (A.18)
gk(τ ; τ˜) = −xx˜
k
[j1(x)y1(x˜)− j1(x˜)y1(x)] (A.19)
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where Eq. (A.18) is for RD, Eq. (A.19) is for MD, x = kτ and j1, y1 are the spherical Bessel
functions.
In order to evaluate the source term, the expressions for the Bardeen potential are also
required. Since it is a first order quantity it is obtained from linear theory [79],
Φ′′k +
6(1 + w)
1 + 3w
1
τ
Φ′k + wk
2Φk = 0 (A.20)
and can be solved exactly using Bessel functions:
Φk(τ) = y˜
−α [C1(k)Jα(y˜) + C2(k)Yα(y˜)] (A.21)
where w > 0 and
y˜ =
√
wkτ α =
1
2
(
5 + 3w
1 + 3w
)
. (A.22)
For Matter Domination w = 0 and:
Φk(τ) = C1(k) (A.23)
where we drop the decaying mode, and during Radiation Domination
Φk(τ) =
1
y˜2
C1(k)
(
sin(y˜)
y˜
− cos(y˜)
)
. (A.24)
In the limit of small y˜ (early times) this function reduces to C1(k) and at early times it
should be equal to the vacuum perturbation ψk, Φk(τ → 0)→ ψk. Then we can write:
Φk(τ) = ψkΦ(kτ) (A.25)
where the Φ on the right hand side is the transfer function which evolves the primordial
fluctuation ψk, and we hope the notational degeneracy is acceptable to the reader.
The main aim is to calculate the spectrum of induced gravitational waves, which is
essentially a measure of the correlation between two modes:
< hkhk′ >=
2pi2
k3
δ(k + k′)Ph(k, τ) (A.26)
and all the ingredients needed to evaluate this spectrum are now in place. The spectrum of
Eq. (A.16) is
< hkhk′ >=
1
a2
∫ τ
0
dτ1dτ2gk(τ ; τ1)gk(τ ; τ2)a(τ1)a(τ2) < S(τ1,k)S(τ2,k) > . (A.27)
and in this work we are only interested in the RD part. Before we piece things together, we
make a small redefinition: e(k,q) = eij(k)qiqj = q
2(1− µ2) where µ = (k · q)/(kq).
The source term can be written as:
S(k, τ) = 1
(2pi)3/2
∫
d3qe(k,q)f(k,q, τ)ψqψk−q (A.28)
where
f(k,q, τ) =
2(5 + 3w)
3(1 + w)
ΦqΦk−q +
8
3H(1 + w)ΦqΦ
′
k−q +
4
3H2(1 + w)Φ
′
qΦ
′
k−q . (A.29)
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The primordial spectrum of linear scalar perturbations is given by:
< ψqψk >=
2pi2
q3
P (q)δ(q + k). (A.30)
Thus the correlation between two modes of the source term can finally be written as:
< S(k, τ1)S(k′, τ2) > = δ(k + k′)
∫
d3k˜e(k, k˜)2f(k, k˜, τ1)
[
f(k, k˜, τ2)
+f(k,k− k˜, τ2)
] P (|k− k˜|)
|k− k˜|3
P (k˜)
k˜3
(A.31)
and the spectrum of induced gravitational waves is:
Ph(k) =
1
a2
∫ ∞
0
dk˜
∫ 1
−1
dµ
k3k˜3
|k− k˜|3 (1− µ
2)2P (|k− k˜|)P (k˜)I1(k, k˜, τ)I2(k, k˜, τ) (A.32)
where
I1(k, k˜, τ) =
∫
dτ1a(τ1)gk(τ ; τ1)f(k, k˜, τ1)
I2(k, k˜, τ) =
∫
dτ2a(τ2)gk(τ ; τ2)[f(k, k˜, τ2) + f(k, |k− k˜|, τ2)] (A.33)
are generic integrals, and depend only on the epoch of evaluation. We present their results
in the next section for radiation domination. First we rewrite the spectrum in terms of the
variables v = k˜/k, y =
√
1 + v2 − 2vµ, and x = kτ . During RD a ∝ τ and the spectrum
reduces to
Ph(k) =
k2
x2
∫ ∞
0
dv
∫ |v+1|
|v−1|
dy
v2
y2
(1− µ2)2P (kv)P (ky)I˜1I˜2 (A.34)
where
I1(k, k˜, τ) =
1
k2
I˜1
=
1
k2
∫
dx1x1gk(x;x1)f(k, x1v)
I2(k, k˜, τ) =
1
k2
I˜2
=
1
k2
∫
dx2x2gk(x;x2)[f(k, x2v) + f(k, x2y)] (A.35)
A.1 The τ integrals
This was first shown in Ref. [25]. The first integral in Eq. (A.35) is found to be:
I˜1 =
1
4ky3v3
{
− cos(x)
4∑
n=1
αnSi(βnx) + sin(x)
4∑
n=1
(−1)n+1αnci(βnx)
}
+γ1 sin(x) + γ2 sin(vx) sin(yx) + γ3 sin(vx) cos(yx) + γ4 cos(vx) sin(yx) + γ5 cos(vx) cos(yx)
(A.36)
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and the second integral is given by:
I˜2 = − α
2kv3y3
{cos(x) [−Si(β1x) + Si(β2x) + Si(β3x)− Si(β4x)]
+ sin(x) [ci(β1x) + ci(β2x)− ci(β3x)− ci(β4x)]}
+γ21 sin(x) + γ22 sin(x(v + y)) + γ23 sin(x(v − y)) + γ24 cos(x(v − y)) + γ25 cos(x(v + y))
(A.37)
the coefficients in these two integrals are given in Appendix B. The αn coefficients in the first
integral are found to have the property that
∑4
n=1(−1)nαn = 0 and the α coefficient in the
second integral is given by α = (v2 − 1 + y2)2.
The Si and ci terms are the sine and cosine integrals respectively [80], defined as:
Si(x) =
∫ x
0
sin(t)
t
dt
ci(x) =
∫ x
0
cos(t)
t
dt . (A.38)
In the limit of large x the sine integral asymptotes to a constant value Si(x)→ (1+γeuler) and
the cosine integral asymptotes to ci(x)→ ln(x/γeuler), where γeuler is the Euler-Mascheroni
constant. The integrals are found to asymptote to 0 for large v and y, as well as for when
v, y or x approach 0. These are useful properties, and it means that Eq. (A.34) need not be
evaluated for v → ∞ but to a much smaller value, and the final results will be the same.
We plot the properties of these integrals in Fig. (11), which shows agreement between our
numerics and those of Refs. [25] and [33].
A.2 The energy density of second order gravitational waves
Detectors of gravitational waves will measure the amplitude of their energy density which
can be parametrized by the dimensionless variable (e.g. Ref. [81]):
ΩGW(f) =
1
ρc
dρGW
d ln f
(A.39)
where f is the frequency, ρc is the critical energy density defining the coasting solution of the
Friedman equation and ρGW is the energy density of gravitational waves. This parameter is
related to the spectrum of induced gravitational waves Ph as [26]
Ω
(2)
GW =
a(τ)
aeqk2eq
t2(k, τ)Ph(k, τ) (A.40)
where eq denotes matter-radiation equality, and t is the transfer function found to be [26]
t(k, τ) =
aeqkeq
a(τ)k
(A.41)
for scales k  keq, our regime of interest and keq ' 0.01Mpc−1. This reduces Eq. (A.40) to:
Ω
(2)
GW(k, z) =
(1 + z)
(1 + zeq)
Ph(k) (A.42)
where we made the τ ∼ k−1 substitution, the time when a scale enters the horizon. Thus
today ΩGW(k, η0) ' Ph(k)3300 , where 1 + zeq ' 3300.
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Figure 11. Plot of the τ integrals for fixed values of x = kτ and varying v (left), where we have
set y = v, which clearly shows that the integrals asymptote to zero for large v meaning we need
not integrate over an infinite range of scales. Plot of the τ integrals for fixed v = y and varying
x = kτ (right), this shows that (a) the effect is physical since the source term peaks after horizon
entry (x > 1) and (b) the envelope of the integrals rapidly asymptotes to a constant value for fixed v
and y.
B The coefficients of the τ integral
We present the coefficients of the time integrals (A.36) and (A.37) in the following tables.
β1 1 + v + y
β2 −1 + v + y
β3 1 + v − y
β4 −1 + v − y
Coefficient Symbol Expression
sin(x) γ1
1
kv2y2
(v2 − 3y2 + 1)
sin(vx) sin(yx) γ2
1
kx3y3v3
(2− x2 − x2y2 + 3x2v2)
sin(vx) cos(yx) γ3 − 2ky2x2v3
cos(vx) sin(yx) γ4 − 2kx2y3v2
cos(vx) cos(yx) γ5
2
kxy2v2
sin(x) γ21
2
kv2y2
(1− v2 − y2)
sin(x(v − y)) γ22 2kx2v3y3 (v − y)
sin(x(v + y)) γ23 − 2kx2v3y3 (v + y)
cos(x(v − y)) γ24 − 1kx3y3v3 (−2 + x2 − x2y2 − x2v2 − 2x2vy)
cos(x(v + y)) γ25 − 1kx3v3y3 (2− x2 + x2y2 + x2v2 − 2x2vy)
Table 2. Table on the left gives the expressions for the coefficients of the arguments of the Cosine
and Sine integrals in Eqs. (A.36) and (A.37). The right table gives the expressions for the τ1 integral
Eq. (A.36) (tob block) and for the τ2 integral Eq. (A.37) (bottom block).
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1 v4 4v3 4v2 3y4 4y3 2y2v2
α1 − + + + − − −
α2 + − + − + − +
α3 + − − − + − +
α4 − + − + − − −
Table 3. This table gives the expressions of the coefficients of the sine and cosine integrals in
Eq. (A.36). Each αn coefficient has the same parameters as the others, but the parameters differ in
their respective signs. The columns to the right of the αs give the sign of the parameter defined in
the column header. For example then we can read off α1 as −1 + v4 + 4v3 + 4v2 − 3y4 − 4y3 − 2y2v2.
C The coefficients of the Hilltop Model
In this section we list the values of ηp and ηq for the various coupling powers p and q in the
hilltop model, Eq. (5.1). In each case the model parameters are chosen to satisfy ns = 0.95,
and the selection criteria is explained fully in Section 5.1. We draw the readers attention to
the horizontal dashed line in the tables, this line separates the fractional powers from the
integral powers, and it is clear that for the integral powers, the mass coupling parameters are
most strongly constrained by the bound on the spectral index and not from the maximisation
of spectrum at the end of inflation.
p q ηp ηq Pζ(kend) n′s(k0) V 1/40
2 2.2 0.17959 0.1449 0.017069 0.0059605 0.0014
2 2.3 0.13673 0.09898 0.014079 0.0078104 0.0015
2 2.5 0.1051 0.070408 0.01391 0.012493 0.0015
2 2.7 0.089583 0.045 0.0071942 0.016684 0.0017
2 2.9 0.071667 0.036667 0.00043916 0.016381 0.0015
2 3 0.065417 0.03125 0.00016705 0.016261 0.0015
2 4 0.038333 0.0083333 2.239e− 06 0.016928 0.0015
3 4 0.041667 0.025 1.766e− 07 0.016712 0.0012
4 5 0.0375 0.028421 7.4549e− 08 0.016752 0.0009
Table 4. Values of the coupling masses which satisfy the WMAP bounds at the pivot scale k0 =
0.002Mpc−1 and maximise the spectrum at N = 55 e−folds. Also included is energy scale of the
model evaluated at k = k0 in units of mPl.
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p q ηp ηq Pζ(kend) n′s(k0) V 1/40
2 2.2 0.16939 0.15102 0.014497 0.0051655 0.0008
2 2.3 0.128 0.095833 0.014173 0.0066689 0.0013
2 2.5 0.098571 0.083333 0.01452 0.010865 0.0009
2 2.7 0.085417 0.058333 0.010977 0.015165 0.001
2 2.9 0.072917 0.03125 0.0022289 0.016893 0.0016
2 3 0.0665 0.026 0.00075946 0.016716 0.0016
2 4 0.0375 0.0083333 3.7777e− 06 0.016235 000.11
3 4 0.041667 0.025 2.4814e− 07 0.016712 0.0008
4 5 0.039583 0.03125 8.4841e− 08 0.015931 0.0007
Table 5. Values of the coupling masses which satisfy the WMAP bounds at the pivot scale k0 =
0.002Mpc−1 and maximise the spectrum at N = 60 e−folds. Also included is energy scale of the
model evaluated at k = k0 in units of mPl.
p q ηp ηq Pζ(kend) n′s(k0) V 1/40
2 2.2 0.16735 0.13878 0.20683 0.0049911 0.0008
2 2.3 0.12857 0.11633 0.15491 0.0067744 0.0009
2 2.3 0.096939 0.058163 c0.070402 0.010396 0.0012
2 2.7 0.085417 0.042 0.062686 0.01505 0.0016
2 2.9 0.071667 0.03125 0.0069787 0.016301 0.0016
2 3 0.066 0.026 0.0024599 0.016461 0.0016
2 4 0.036207 0.008 5.5689e− 06 0.01517 0.0016
3 4 0.048276 0.034 3.1526e− 07 0.016363 0.0017
4 5 0.026552 0.018 7.8237e− 08 0.013356 0.0017
Table 6. Values of the coupling masses which satisfy the WMAP bounds at the pivot scale k0 =
0.002Mpc−1 and maximise the spectrum at N = 65 e−folds. Also included is energy scale of the
model evaluated at k = k0 in units of mPl.
D The sensitivity curves
In this paper we plot the sensitivity curves of LIGO [61, 82],LISA [29], LCGT[62], DECIGO
[30, 31]. For the space based detectors we use the online sensitivity curve generator in
[83] inputting the detector parameters given in Table 7 7. The sensitivity curve generator
produces the strain sensitivity defined as [85],
heff(f) =
√
Sn(f)
N (f) , (D.1)
where the units are in Hz−1/2, and Sn is known as the noise spectral density and N is the
interferometer response function. To convert between the strain efficiency and the energy
density per logarithmic interval we use Ωgw = 4pi
2f3Sh(f)/(3H
2
0 ) [85], where Sh is the signal
spectral density and we can then write this as [81] :
7The Sshot values for DECIGO and Ultimate DECIGO are the updated values of Ref. [84] kindly provided
by the authors in a private communication
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L[m] Sshot[mHz
−1/2|] Saccel[ms−2Hz−1/2] P [W ] D[m] λ[nm]
LISA 5× 109 2× 10−11 3× 10−15 1 0.3 1064
BBO/DECIGO 5× 107 1.1× 10−16 7.9× 10−19 10 1 532
Ultimate DECIGO 5× 107 1.7× 10−18 3× 10−19 10 1 532
Table 7. Detector parameters used to input into the sensitivity curve generator in Ref. [83]. Where
Sshot is the root spectral position noise budget, Saccel is the root spectral density acceleration noise,
P is the power of the laser, D is the telescope/mirror diameter and λ is the wavelength. The new
ESA only LISA mission has an arm length of 109 m [63], and the difference in sensitivity is shown in
Fig. (12) in terms of the energy density of gravitational waves.
Figure 12. Plot of the energy density of gravitational waves vs. the frequency in Hertz, for the
original NASA/ESA LISA mission (red) and the new ESA only eLISA mission (black dash-dot). In
this paper we have plotted the sensitivity range of the original LISA mission, and as can be seen from
this figure, the difference with the new eLISA mission is negligible for our purposes.
h20Ω
min
GW(f) ' 0.0125× SNR2
(
f
100Hz
)3( heff
10−22Hz−1/2
)2
(D.2)
where SNR is the signal to noise ratio, which for interferometer type detectors is given as
[81] SNR =
√
2Sh(f)/Snf .
Finally we also plot what is known as the cross-correlation sensitivity of the BBO-
DECIGO detector. In this case two separate DECIGO detectors are launched and the cor-
relation of their signals results in a significant reduction in the overall sensitivity [86]. The
strain efficiency of cross-correlated detectors is given as [85]
heff,cross(f) =
SNR2
(2T∆f)1/4
( |N12|2
Sn1Sn2
)(−1/4)
(D.3)
where T is the observation time in seconds, N12 is given as < S1S2 >=
∫∞
0 dfSh(f)N12, ∆f
is the frequency resolution, and the overbar is the average over a frequency interval. In this
paper we use a rough estimate, we assume that the strain efficiency of each detector is the
same and that the detectors are co-aligned and coincident (i.e. that their position vectors
are the same). Then the strain efficiency reduces to
– 27 –
heff,cross ∼ SNR2 heff
(2T∆f)1/4
(D.4)
and in our analysis we take ∆f = f/10 for the cross correlated DECIGO detector.
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